In this paper we attempt to dynamically constrain the quadrupole mass moment Q of the millisecond PSR B1257+12 pulsar from the orbital periods of its three planets, assumed to be in equatorial and circular orbits. Given the present-day accuracy in knowing their ephemerides, no post-Newtonian corrections to their motions are required. By conservatively assuming 1% and 10% uncertainties in the pulsar's mass and planets' semimajor axes, respectively, our determination of the adimensional parameter q = c 4 Q/G 2 M 3 is q = (−0.90 ± 67.45) × 10 12 , so that Q = (−1.08 ± 80.22) × 10 49 kg m 2 . As an independent check of such a result, we apply the same method to the binary system composed by the millisecond PSR J1909-3744 pulsar and a white dwarf in circular orbit. We find for such a pulsar q = (−0.76 ± 21.18) × 10 12 and Q = (−0.98 ± 27.26) × 10 49 kg m 2 , which are consistent with the estimates for PSR B1257+12.
Introduction
Rotating relativistic stars (Stergioulas 2003) are of fundamental interest because, among other things, their bulk properties allow to constrain the many proposed equations of state for densities greater than nuclear density. Although a neutron star may have a complicated structure involving a solid crust, magnetic field, possible superfluid interior, possible quark core, etc., several simplifying assumptions are, in general, made in order to compute its bulk properties. Indeed, the equilibrium configuration of a relativistic star is typically described by neglecting sources of non-isotropic stresses like a magnetic field or a solid state of parts of the star, viscous stresses and heat transport, and by modelling its matter as a zero-temperature, perfect fluid described by the stress-energy tensor T µν = ε + p c 2 u µ u ν + pg µν , µ, ν = 0, 1, 2, 3,
where ε is the matter-energy density, p is the pressure and u µ is the fluid's 4-velocity. In order to describe the star's structure, an equation of state (EOS) in the form of ε = ε(p)
must be specified; actually, we do not currently know what is the true EOS describing the interior of a relativistic compact star because in Earth-based laboratories it is not possible to reach the extreme densities and pressures typical of the interiors of relativistic stars, so that many EOSs have been proposed so far (Stergioulas 2003) . After an EOS has been chosen, the Einstein field equations
where R µν is the Ricci tensor and T = T α α , together with the hydrostationary equilibrium equation, obtained by normally projecting the stress-energy tensor conservation law onto the 4-velocity, must be solved. Equilibrium quantities for rotating stars are computed as integrals over the source of gravitational field. Among such bulk properties there is the distortion of the star's shape induced by its fast rotation. Far from it, the dominant multipole moment of the rotational deformation is measured by the quadrupolemoment tensor Q ij . For uniformly rotating, axisymmetric, and equatorially symmetric configurations it is possible to define a scalar quadrupole moment 1 Q.
Various authors (Baym et al. 1971; Salgado et al. 1994a; 1994b ; Laarakkers and Poisson 1999) have so far employed many different EOSs to calculate parameters more or less directly related to the pulsar's quadrupole mass moment.
Clearly, dynamically constraining Q, in a model-independent way, would be of great importance for understanding the physics of matter in so extreme conditions and constraining different EOSs. In this paper we will attempt to implement such an ambitious goal with the 6.219 millisecond pulsar PSR B1257+12 and its planetary system. Goździewski et al., 2005) . The (baricentric) semimajor axes a bc are in AU, the inclinations i of the orbital planes to the plane of the sky are in deg, the orbital periods P b are in days and the masses m are in Earth masses. The mass of PSR B1257+12 was assumed to be M = 1.4M ⊙ . In order to realistically estimate the uncertainty in Q, in the following we will assume 1% and 10% uncertainties in the pulsar's mass and planets' semimajor axes, respectively.
Planet . The relevant orbital parameters of the PSR B1257+12 system are listed in Table 1 . In regard to the uncertainties in the planets' semimajor axes and the pulsar's mass, in our analysis we will conservatively assume δa/a ∼ 10% for all the planets and δM/M ∼ 1%, respectively. These assumptions are consistent, e.g., with the determinations of the parameters of the PSR J1909-3744 binary system for which δa/a ∼ 2% and
As can be noted, the orbits of the three planets are almost co-planar and of small eccentricity. Contrary to A, the terrestrial-mass planets B and C, which exhibit a near 3:2 resonance (Konacki et al. 1999), mutually perturb each other in a non-negligible way (Konacki et al. 2000) . These features strongly suggested that their formation mechanism must involve a pre-planetary disk of material circling the neutron star (Miller and Hamilton 2001) .
The determination of the quadrupole mass moment of PSR B1257+12 will be performed by using the orbital motions of A, B and C in view of their clean orbital geometries, small masses and dynamical behaviors which allow for the use of a simple Newtonian model; indeed, in the PSR B1257+12 system we have neither tidal distortion nor orbital period decay due to general relativistic emission of gravitational waves or classical friction drag, and only the quadrupole of the pulsar comes into play. Moreover, we will also show that, given the present-day accuracy in knowing the planet's ephemerides, neither general relativistic nor classical third-body corrections to the orbital periods must be taken into account.
Model of the orbital period of PSR B1257+12 planets
Given the distance and mass scales involved in our problem, the first postNewtonian approximation is quite adequate to describe the motion of a planet like those around PSR B1257+12. The acceleration experienced by a test body, in standard post-Newtonian coordinates, in the gravitational field of a central body can be written as (Will 1993 )
We will, now, assume that PSR B1257+12 rigidly rotates and is endowed with axial symmetry about z axis and reflection symmetry about the equator assumed as reference {xy} plane. Thus, the gravitational potential U can be written as
with (Shibata 1998; Laarakkers and Poisson 1999; Stergioulas 2003 )
In eq. (6) θ is the co-latitude angle (θ = π/2 for points in the equatorial plane). The acceleration experienced by the test particle in the gravitational potential of eq. (6) is, in spherical coordinates
In view of the reasonably assumed coplanarity of the orbit of A with B and C (Konacki and Wolszczan, 2003), we will make the assumption that their circular orbital motions occur in the equatorial plane of the pulsar; then, eq. (7) reduces to
By introducing the adimensional parameter 2
and posing r 0 ≡ a, the Newtonian part of the orbital period is, from eq. (8)
Eq. (11) agrees with the expression (11) for the orbital frequency Ω ϕ obtained by Shibata (1998) in terms of Q for the equatorial and circular case. In fact, additional terms due to the Newtonian N-body interaction among one planet with the other two should be added to the Newtonian model of eq. (11), but it turns out that they can be neglected in view of the 10 −3 − 10 −4 d precision level in our knowledge of the periods of A, B and C. For the sake of concreteness, let us reason in terms of A. According to (Iorio and Lichtenegger 2005) , when a body of mass m ′ disturbs another one of mass m, the largest correction to the orbital period of m which does not contain quadratic terms in the eccentricities and inclinations is proportional to Gm ′ /a ′ 3 n 3 . For A perturbed by B and C, we have
In regard to the post-Newtonian term P (PN) coming from the c −2 part of eq. (4), in general relativity (β = γ = 1) it is
2 For the Sun q⊙ = −4.4427 × 10 4 .
where
P (1/c 2 ) was calculated by Soffel (1989) and Mashhoon et al. (2001) ; P (q/c 2 ) can be worked out from (6a) of (Soffel et al. 1988 ) in the case of equatorial and circular orbits. Let us, now, check if the precision with which the orbital period of A is known requires to account for the post-Newtonian terms as well. From Table 1 and by using the following relation for the relative 3 semimajor axis
it turns out
Since the uncertainty in A's orbital period amounts to 2 × 10 −3 d, it is clear that the Newtonian model of eq. (11) is quite adequate for our purposes. It can be easily shown that the same conclusions can be traced for B and C as well.
Determination of q and discussion
The comparison of the measured orbital period with the model of eq. (11) yields
3 The relativistic correction to eq. (15) can be found in p. 116 of (Soffel 1989 ); for PSR B1257+12 and A it amounts to 4 × 10 −8 only. The uncertainty in q can realistically be evaluated as the sum of the following contributions
Our results are in Table 2 ; the three values are compatible each other, although imprecise. The errors have been calculated by using eq. (18) and by assuming for the orbital periods the uncertainties quoted in Table 1 . For a and M we conservatively assumed δa/a = 10% and δM/M = 1%, as previously noted, while for G we adopted δG = 0.0010 × 10 −11 kg −1 m 3 s −2 (Mohr and Taylor 2005) . The weighted mean of the three values of Table 2 yields q = (−0.90 ± 67.45) × 10 12 .
The dimensional quadrupole mass moment of PSR B1257+12 is, thus
In regard to the adopted method, let us note the following remarks. The orbital periods P b were measured in a purely phenomenological way, independently of any gravitational theory from pulsar's timing observations (Konacki et al. 2000) , so that they account for all the dynamical features of planets' motion, within the observational errors. Moreover, the semimajor axes, which come from the phenomenologically measured projected semimajor axes x = a sin i/c from timing observations as well (Konacki et al. 2000) , are not affected by the quadrupole mass moment over timescales of the order Table 3 : Relevant parameters of the PSR J1909-3744 pulsar-white dwarf binary system (Jacoby et al. 2005) . (24) 1.89799117(4) 1.35 (12) 0.99822(11) 1.533449450441(10) 0.2038 (22) of one orbital period or more; thus, there is no risk that the values adopted for calculating eq. (17) retain some sort of a priori 'memory' effect of q itself. Throughout our calculation we neglected the masses m of A, B and C because m/M ∼ 10 −6 − 10 −8 ; it turns out that, at the 10 −3 − 10 −4 d level, neither the determined value of q nor its error are affected if m is neglected. In regard to the approximations used, let us note that with the result of eq. (17) the second post-Newtonian term of eq. (16) becomes P (q/c 2 ) 10 −6 d: thus, a posteriori, we can well justify our choice of neglecting it in our analysis. Moreover, eq. (20) tells us that 3Q/2M a 2 ≈ 10 −3 for all the three planets, so that the use of the approximate expression of eq. (11) for P (q) is fully justified as well.
As an independent test of the consistency of our method, we now apply it to another system 4 , i.e. the one composed by the 2.947 millisecond PSR J1909-3744 pulsar and a white dwarf orbiting it in a circular orbit (Jacoby et al. 2005 ). The relevant orbital parameters are in Table 3 : note that, in this case, the errors in all the system parameters have been released and are at our disposal. According to eq. (17) and eq. (18), our estimate for q is q = (−0.76 ± 21.18) × 10 12 .
The result of eq. (21) for PSR J1909-3744 is consistent with that of eq. (19) for PSR B1257+12. The dimensional quadrupole mass moment of PSR J1909-3744 is Q = (−0.98 ± 27.26) × 10 49 kg m 2 ,
consistent with the one of PSR B1257+12. In order to make easier a comparison with our results, in Table 4 we quote the numerical values used for the relevant constants entering the calculation.
Another possible approach to the problem tackled here would be to reanalyze the raw timing data of PSR B1257+12 (and of PSR J1909-3744) by fitting them with a new orbital model including a quadrupole mass term as well, but it is beyond the scope of the present work. 
